Brownian motion e ects on radiative heat transfer in the neighborhood of stagnation point. Thermophoresis and Brownian motion play an important role in thermal and mass concentration analyses, which help to comprehend the major ideas in the disciplines of science and technology. An electrically conducting nano uid was described by the Buongiorno transport model. The power-law form of the stretching wall velocity made the similarity solution possible. The transformed system of the ordinary di erential equations was computed numerically with the e cient and rapid convergent spectral scheme. The obtained results for velocity, temperature, concentration, shear strain, and mass and heat transfer rates were perused for various values of the pertinent parameters. The outcomes divulged that with increase in power-law exponent, mass and heat transfer rates were enhanced. The information on volume and high-temperature transfer rate is provided in tables in this paper. The obtained results well matched the existing results.
Introduction
In recent years, the need for the development of technology has underscored the importance of uid ow processes, especially those that include the interaction of numerous phenomena. Convective ow and stretching sheet are a signi cant part of several engineering applications, e.g., wire drawing, extrusion of polymer sheets from dye, and ground water ows in petroleum industries.
Stagnation point exists in the ows in which the uid impinges on the solid surface. The stagnation point region possesses the highest pressure, mass, and heat transfer rates. Hiemenz [1] , for the rst time, considered stagnation-point ow and obtained non-linear ordinary di erential equations from Naiver-Stokes equations by using similarity transformation. Homann [2] investigated an axisymmetric case of stagnation-point ow and Howarth [3] analyzed the same problem numerically. Afterwards, several researchers explored various features of convective heat transfer and stagnation-point ow problems [4] [5] [6] [7] [8] [9] [10] . Pop et al. [11] considered the stagnation-point ow over a plate by applying thermal radiation and observed that the boundary layer region was enhanced under the in uence of radiation e ect. Hayat et al. [12] inspected the stagnation-point ow of a micropolar uid along a stretching plate. Shateyi and Makinde [13] examined the stagnation-point ow over a radially stretching disk and showed that the rise in Biot number enhanced the Nusselt number. Miklavcic and Wang [14] found dual solutions by studying the stagnation-point ow. Mahapatra and Gupta [15] discussed the axisymmetric stagnation-point ow over a stretching surface. They argued that inverted boundary layer existed when free stream velocity was less/higher than the stretching velocity. Mahmood [16] analyzed the e ects of the heat source and MHD on stagnation-point ow over a permeable stretching plate with variable heat ux and noticed that heat generation reduced the Nusselt number. Chen [17] considered unsteady mixed convective stagnation-point ow along a stretching surface and noticed that near the surface, reverse ow existed in slip. Makinde [18] analyzed the ow over a surface in the neighborhood of a stagnation point in porous media with heat generation and thermal radiation e ects. Boutros et al. [19] studied steady boundary layer ow in a porous medium near the stagnation point region. Nazar et al. [20] investigated the stagnation-point ow on a stretching surface. Hayat et al. [21] discussed the impact of thermal radiation and MHD on Maxwell uid ow over a at surface near the stagnation point. Mehmood and Ali [22] discussed the three-dimensional stagnation-point ow over a moving surface for secondgrade uid and found that a uniformly valid analytic solution existed for all the values of the second-grade parameter.
Using nanoparticles having diameters less than 100 nm is an e ective approach to improving the heat transfer phenomenon in uids. The heat transfer rate of uid is considerably altered by dispersing of nanoparticles in the cooling/heating uid. Heat capacity, surface area, and e ective thermal conductivity of base uid also increase remarkably by introducing nanoparticles into the base uid. Furthermore, due to the collision of nanoparticles and interaction between uid particles, the convective phenomenon further increases. Nano uid is prepared by mixing the nano-size solid particles into the base liquid having low thermal conductivity, e.g. ethylene glycol or water.
Nanotechnology has many applications to manufacturing related industries, e.g., vehicles engine, drug delivery, making nanochips, currency making, cooling of electronics, etc. Boundary layer theory of uids with nanoparticles has tremendous uses in polymer engineering, metallurgy, heat exchangers in high heat ux application, insulation of heated bodies, thermal energy storage, drying process, and petrochemical industries.
Forced convective nano uid ow on a stretching surface is a signi cant feature of ows because of its applications to metallurgy, polymerization, etc. It is also utilized in petrochemical industry, processing of polymers characterization, and structure and properties of polymers. The nano uid that encounters stagnation-point ow has maximum heat transfer, maximum pressure, and maximum rate of mass decay. Anwar et al. [23] theoretically studied stagnation-point ow with nano uid along a non-linear stretching surface and found that thermophoresis and Brownian motion e ect ampli ed the temperature pro le and boundary layer region. Wakif et al. [24] investigated thermos-magneto hydrodynamic stability of alumina-water nano uid by incorporating Chon and Coreione's nano uid model and reported that the diameter of alumina nanoparticles increased the size of convection cells. Wakif et al. [25] discussed the e ects of thermal radiation and magnetic eld on the unsteady natural convection Couette ow in Cu-water nano uid and proved that the rate of heat transfer could be enhanced by increasing either the initial volumetric fraction of nanoparticles or the value of the radiation parameter. Wakif et al. [26] investigated electro-thermo-hydrodynamics instability in the presence of Brownian motion and thermophoresis phenomenon, and showed that electro-thermo-stability in nano uid could be controlled by the critical AC electric Rayleigh number. Wakif et al. [27] considered generalized Buongiorno's model for nano uid convection in the presence of a transverse magnetic eld and found that thermal stability of nano uid could be achieved through critical thermal Rayleigh number. Wakif et al. [28] performed linear stability analysis of Newtonian nano uid in the presence of heat source and showed that at low values of heat source, Lewis number and Rayleigh number would ensure thermal stability of nano uid. Wakif et al. [29] analyzed stability of conducting nano uid in a Darcy Brickman porous medium and reported that size of convection cells increased by increasing the Darcy number and decreasing the modi ed magnetic Chandrasekhar number. Boulahia at al.
[30] investigated mixed convection ow in a square cavity and proved that heat transfer could be improved by increasing the concentration of nanoparticles and Richardson number. Boulahia et al.
[31] studied the heat transfer of Cu-nanoparticles in a wavy wall cavity and reported that heat transfer rate increased by increasing undulation numbers and decreasing wavy surface amplitude. Boulahia et al. [32] analyzed the free and MC heat transfers of nano uid in a square cavity with circular heating and cooling of the cylinder, and showed that heat transfer rate was enhanced by increasing the size of the circular heating body and Rayleigh number.
Tayebi et al. [33] analyzed free convection heat transfer in an annulus between confocal elliptic cylinders lled with CNT-water nano uid and found that the average Nusselt number was an increasing function of modi ed Rayleigh numbers. Abbasi and Ghayeni [34] studied saturated air water freezing in two-dimensional stagnation ow on a at plate. According to their study, below the start temperature of freezing, 10 C drop in substrate temperature causes a large increase in the ultimate thickness of the ice at fareld air temperature of 5 C, while it slightly increases the ultimate thickness of the ice at the air temperature of 20 C. Rana et al. [35] considered hydrothermal characteristics of nano uid using KKL model with Brownian motion and recommended nano-uids as a better coolant than the base uid. Ramly et al. [36] investigated active and passive control of nanoparticles for heat transfer over a stretching sheet under the e ect of thermic radiation. They stated that in the case of zero uxes of nanoparticles, thermophoresis would enhance heat conductivity performance. Karbasi et al. [37] studied the e ect of multi-walled carbon nanotubes (MWCNT) on structural and mechanical properties of poly 3-hydroxybutyrate sca old and stated that low percentage of MWCNT would improve mechanical properties of pure P3HB sca old. Hakeem et al. [38] numerically investigated the second law for MHD nano uid ow over the stretching surface and showed that nanoparticles generated more entropy than non-metallic particles. Wang and Dai [39] considered natural convection of nano uid in an inclined square cavity with non-uniformly heated walls and found that at a xed Rayleigh number, average Nusselt number was higher for copper nanoparticles. Kasmani et al. [40] reported the e ects of thermal radiation, Soret, and Dufour on convective heat transfer of nanoliquid over a wedge in the presence of wall suction and proved that temperature distribution enhanced by raising the values of wedge angle, radiation, Brownian motion, and thermophoresis parameters. Ganji et al. [41] examined magnetite ethylene glycol nano uid EHD forced convection ow in a lid-driven cavity in the presence of thermal radiation and proved that Nusselt number increased with the rise of Darcy number.
Ibrahim et al. [42] studied convective heat transfer features of MHD boundary layer stagnation-point ow on a stretching surface in nano uid and showed that Brownian motion and thermophoresis enhanced the temperature pro le. Hamad and Ferdows [43] applied group-theoretical methods to investigating the stagnation-point ow over a stretching sheet with heat generation and suction in porous media. They pointed out that the boundary layer ow was smoothened by imposing suction. Alsaedi et al. [44] discussed stagnation-point ow over a surface in nano uid with Brownian motion and heat generation e ects. Khan et al. [45] considered viscous ow on a stretching at plate in ferro uid under the in uence of viscous dissipation and MHD. They noticed that Nusselt number and the friction factor were larger for kerosene-based ferro uid than for water-based ferro uid. Hamad and Pop [46] inspected the impact of heat generation on stagnationpoint nano uid ow on stretching sheet. Mustafa et al. [47] examined the stagnation-point nano uid ow over a stretching plate. Ibrahim et al. [48] analyzed MHD e ects on nano uid ow over a stretching sheet. They noted that the thickness of temperature pro le increased with a rise in both Brownian motion and thermophoresis parameters. Recently, Hakeem et al. [49] investigated the e ects of metallic and non-metallic nano-size particles in the presence of magnetic eld and radiation e ects on the stretching/shrinking surface. In another study, Hakeem et al. [50] investigated the in uence of thermal radiation and non-uniform heat source/sink on the entropy generation rate over a stretching sheet with nanoparticle concentration. They found that entropy generation increased in the case of metallic particles in comparison with non-metallic particles. Notable studies of nanotechnology performed recently can be seen in [51] [52] [53] .
The objective of this paper is to study the e ect of thermal radiation on convective phenomenon in nano uid over a non-linear stretching surface. The well-known Buongiorno transport model [54, 55] for nano uid is utilized in the development of transport equations. Similarity transformation is used to transform the given ODEs into PDEs. Then, the PDEs are numerically solved by using Chebyshev Spectral method [56] [57] [58] scheme. The results of interest, e.g. Nusselt number, Sherwood number, velocity pro le, and temperature, will be reported to illustrate the e ects of thermophoresis and Brownian motion of nanoparticles as well as thermal radiation on these physical quantities. The feasible branches of the present nano uid model are micro-and nanoelectromechanical systems, advanced cooling systems, etc., which have applicability to glass ber production, geothermal reservoirs, manufacturing of plastics, manufacturing processes of continuous casting, metal extrusion, processes involving polymer composites, paper production, textiles, and hot rolling.
Convective transport equations
We consider a steady, two-dimensional, incompressible, stagnation-point ow impinging on a non-linear continuously stretching horizontal plate. The nonlinear stretching velocity of the at plate is of the form u w ( x) = u 0 ( x=l) m [59] . It is also supposed that the moving velocity of the ambient uid has the form u e ( x) = u 1 ( x=l) m [59] , where u 1 and u 0 are the constants representing dimensions of velocity, m is the power-law velocity exponent, l is the characteristic length, and u 0 Q 0 denotes the direction of motion of the plate. The x-axis is taken horizontally and the y-axis normal to it. The coordinate system and ow model are displayed in Figure 1 .
With the above suppositions, the transport equations for Buongiorno nano uid model [47, 54, 59] are written as: Continuity:
Momentum:
Energy:
Concentration:
where , D T , and D B are the ratio of heat capacity of nanoparticles to the base uid, thermophoretic di usion coe cient, and Brownian di usion coe cient, respectively, and ( u; v) represents velocity components along ( x; y) coordinates. Also, T is temperature. The expressions for the Brownian and thermophoresis coe cients are given by D B = B T=3 f d p and D T = f = f , respectively, where B is Boltzmann's constant, d p is nanoparticle diameter, is nanoparticle concentration, is expression of proportionality, and = 0:26( f =2 f + p ). For water at room temperature and nanoparticles having the diameters of 1-100 nm, D B 2 4 10 12 to 4 10 10 m 2 /s (see [54, 60] where is the mean absorption coe cient and is the Stefan-Boltzman constant.
The appropriate boundary conditions [59] following the ow assumptions are: y = 0 : u = u w ( x) ; v = 0; C = C w ; T = T w ; y ! 1 : u = u e ( x) ; C = C 1 ; T = T 1 ;
where C w is plate concentration and T w is plate temperature. Introducing the stream function, (), which satis es the continuity equation identically, the following similarity variables [59] are presented:
which transform systems (2)-(4) to a system of ODEs, described as: 
where Rd = 16T 3 1 3 , Nb = D B (Tw T1) , Pr = = , Le = =D B , and Nt = D T (Cw C1) T 1 are the radiation parameter, Brownian motion parameter, Lewis number, thermophoresis parameter, and Prandtl number, respectively. The Nt=Nb ratio is within the wide range of 0.1 to 1.0 for the typical cases of alumina and copper nanoparticles with the dimension of 10 nm (see [60] ). Also, we have Nt=Nb 1=d p , where d p is the diameter of the nanoparticle. This indicates that the relation between the theoretical values and the experimental results can be controlled in real experiments. Boundary conditions (5) in the nondimensional form are described as:
(1) 1=0;
(1) 1 = 0;
where V = u0 u 1 = const is the velocity ratio parameter. We can express the outcomes of velocity ratio parameter in 4 di erent ways; V > 0 shows that motion of the plate and free stream velocity are in the same direction; V > 1 and 0 < V < 1 correspond to the situations in which the motion of the plate is higher than the free stream velocity and the free stream velocity is faster than the plate, respectively; V < 0 indicates that the free stream velocity and speed of the plate are in opposite directions; and V = 1 denotes that the motions of the plate and free stream velocity are equal and hence, in the same direction.
In terms of wall shear stress, w = (r u) y=0 , surface heat ux, q w = (rT ) y=0 , and surface mass ux, q m = D B (rC) y=0 , the coe cient of skin friction, heat transfer rate, and mass transfer rate are respectively written as: 
Primes numbers are used for derivatives with respect to .
Numerical procedure
Finding a solution to the nonlinear system of di erential equations in the theoretical investigation is vital for the entire study. To highly nonlinear complicated di erential equations, it is very di cult to nd an exact or closed-form solution. In our case, it is quite impossible to nd the exact solution. To cope with this situation, we use a numerical technique named Chebyshev Spectral Newton Iterative Scheme (CSNIS).
In this scheme, we rst use a Newton iterative scheme for the system of nonlinear ODEs in linearized form.
In the (i + 1)th iterate, for all dependent variables, we write:
where f i , i , and i represent minor changes in f i , i , and , respectively. Eqs. (7)- (9) in linearized form can be written as: 
Boundary conditions take the following form:
The coe cients a ;i 's, b ;i 's, c ;i 's, and R ;i 's are: (14) is solved using the Chebyshev Spectral Collocation method [33] [34] [35] . The physical domain from 0 to 1 is rst converted into the nite domain of 0 to L. The value of L is chosen su ciently large. This nite domain is then transformed into 1 to 1 by using relation = 2 L 1. The Gauss-Lobatto node points are used form 1 to 1, which are calculated by the relation j = cos(j=N), j = 0; 1; 2; N. The di erential matrix D is commonly known as Chebyshev di erentiation matrix. Applying collocation method to Eqs. (13) and (14), the following matrix is obtained: 
where: 
I is the identity matrix and a ;i 's, b ;i 's, c ;i 's, and R ;i 's as given in Eq. (15) . The unknown f i , i , and i are calculated by the linearized system given in Eq. (16) . After every iteration, the functions f i+1 = f i + f i , i+1 = i + , and i+1 = i + i are updated to a more re ned form. Finally, after a few iterations, we obtain our required results.
Validation of results
The associated boundary conditions and transformed system of Eqs. (7)-(9) and (10) are solved by using CSNIS [56] [57] [58] . In this study, we utilize various ranges of Nb, Nt, and m, and xed values of Pr, Le, and Rd. The numerical procedure is coded in Matlab software. max = 15 is proven enough to attain the boundary conditions for all parameters, asymptotically.
To examine validity of the results, a comparison with the published data in the literature is made. The present results in the form of skin friction obtained by CSNIS for various values of power-law index m are compared with Yih [61] , Uddin et al. [59] , and Cebeci and Bradshaw [62] in Table 1 . The table illustrates the accuracy and validity of the current numerical procedure. The outcomes are displayed in tables and gures, and discussed in the following section.
Results and discussion
Graphical representations of velocity, concentration of nanoparticles, and temperature are given for di erent pertinent parameters, such as m, Nb, and Nt with xed values of Le, Pr, and Rd in Figures 2-10 . Table 2 represents Nu and Sh against di erent values of Nt, Nb, and V with Pr = 7:0, Le = 10, m = 2:0, and Rd = 0:1. Figure 2 depicts the in uence of m on velocity distribution for various values of velocity ratio V . The gure illustrates that the velocity increases when the plate is stationary, velocity pro le remains unchanged when free steam velocity and movement speed of the plate are equal, and velocity decreases when speed of the plate is higher than the free stream velocity. Variation of Nt with temperature distribution is displayed in Figure 3 . Temperature distribution is enhanced by increasing Nt. This is due to the fact that increase in Nt enhances temperature within the boundary layer and, consequently, increases thermal layer thickness. The e ect of Nb on nanoparticle concentration distribution is plotted in Figure 4 . Increase in Nb results in a decrease in the concentration pro le. Physically, Sherwood number increases with an increase in Nb, leading to a reduction in the concentration pro le. Variation of Nu for various values of Nt, Nb, and V is presented in Figure 5 . It is observed that Nu is reduced as Nb increases, and this decrease becomes linear as Nt increases. Furthermore, Nu is maximum when the plate is moving with a speed higher than the free stream velocity and the increase in Nu is minimum when the plate is stationary. Also, when plate speed is equal to the free stream velocity, Nu lies between maximum and minimum levels, as shown in Figure 5 . The in uence of change in Nb and Nt at di erent values of velocity ratio parameter V on Sh is depicted in Figure 6 . It is noticed that the increase in Sh is maximum when the plate is moving with a speed higher than the free stream velocity and the increase in Sh is minimum when the plate is stationary. In addition, moderate increase in Sh is observed when plate speed is equal to the free stream velocity. Figure 7 depicts the in uence of Nt and m on Nu. It is shown that Nu is reduced with an increase in Nt and enhanced with increase in m. Figure 8 illustrates the variation in Sh by varying Nb and m. The gure reveals that Sh rises with the increase in Nb. Furthermore, an increasing trend is observed in Sh as m increases. In both plots, enhancement of Nu and Sh is observed when plate speed is faster than free stream velocity. Also, increase in both values is minimum when the plate is stationary and moderate when plate speed is equal to free stream velocity. Figures 9 and 10 display the e ects of Nt, Nb, and Rd on Nu and Sh. It is shown that Nu decreases with increase in Nt and this decrease becomes linear as radiation parameter is reinforced. On the other hand, Sh increases with increase in Nb, but this increase is minor and becomes linear as radiation parameter is enhanced. The e ects of various values of velocity ratio parameter are similar to those discussed in Figures 5-8 . Numerical data for Nu and Sh with various values of Nt and Nb at three di erent positions of the plate are presented in Table 2 for xed values of the Pr, Rd, Le, and m. Nu decreases with increase in both Nt and Nb, but this decrease is faster with increase in Nb than with increase in Nt. Sh rises with increase in Nt and Nb, although the rate of increase is slightly attenuated at higher values of Nb (Nb = 0:5). Table 2 shows that numerical values of Nu and Sh are higher when the plate is moving with a speed higher than the free stream velocity and lower when the plate is stationary.
Concluding remarks
In this study, a theoretical nonlinear Buongiorno nano uid model for steady-state two-dimensional ow on a radiating horizontal stretching plate was examined. The Chebyshev spectral method was implemented to numerically evaluate the boundary value problem. The numerical results were compared with the results of earlier studies for regular uids. The outcomes of the present study in brief are the following: 32. Boulahia, Z., Wakif, A., Chamkha, A.J., and Sehaqui, R. \Numerical study of natural and mixed convection in a square cavity lled by a Cu-water nano uid with circular heating and cooling cylinders", Mech. Ind.,
